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THE DUAL BAER CRITERION FOR NON-PERFECT RINGS
JAN TRLIFAJ
To Roger and Sylvia Wiegand, in honor of their 150th birthday
Abstract. Baer’s Criterion for Injectivity is a useful tool of the theory of
modules. Its dual version (DBC) is known to hold for all right perfect rings, but
its validity for the non-right perfect ones is a complex problem (first formulated
by Faith in 1976 [6]). Recently, it has turned out that there are two classes
of non-right perfect rings: 1. those for which DBC fails in ZFC, and 2. those
for which DBC is independent of ZFC. First examples of rings in the latter
class were constructed in [18]; here, we show that this class contains all small
semiartinian von Neumann regular rings with primitive factors artinian.
1. Introduction
The celebrated Baer’s Criterion for Injectivity [3] enables a restriction to cyclic
modules when testing for injectivity of a module over an arbitrary ring. It forms
the basic step in the classification of injective modules over various right noetherian
rings, the study of injective complexes of modules, etc.
It is easy to see that the dual version of the Baer Criterion (called DBC for
short), which enables restriction to cyclic modules when testing for projectivity
of a module, works for all finitely generated modules over any ring [2, 16.14(2)].
Moreover, DBC holds for all modules over any right perfect ring by [14] (or [12]). In
view of these positive results, Faith [6, p.175] raised the question of characterizing
the (non-right perfect) rings for which DBC holds (for all modules).
Gradually, various classes of non-right perfect rings were shown to fail DBC, and
it has even turned out to be consistent with ZFC that no non-right perfect ring sat-
isfies DBC [1]. On the positive side, examples of particular non-right perfect rings
for which it is consistent with ZFC that DBC holds have recently been constructed
in [18]; for those particular rings, the validity of DBC is independent of ZFC.
The recent results mentioned above motivate the following refinement of Faith’s
question: Find a boundary line between those non-right perfect rings for which
DBC fails in ZFC, and those for which it is independent of ZFC. The former class
of rings is a large one: it contains all commutative noetherian rings [9, Theorem
1], all semilocal right noetherian rings [1, Proposition 2.11], and all commutative
domains [18, Lemma 1]. Our goal here is to further develop the approach of [18] to
study the latter class.
Our main Theorem 4.4 shows that the latter class contains a particular kind of
transfinite extensions of simple artinian rings, the small semiartinian von Neumann
regular rings with primitive factors artinian (cf. Definition 4.3). We also show (in
ZFC) that for each cardinal κ, there exists a non-right perfect ring R such that
DBC holds for all ≤ κ-generated modules (see Example 2.6).
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Let R be a ring. A (right R-) module M is called R-projective provided that
each homomorphism from M into R/I where I is any right ideal of R, factorises
through the canonical projection pi : R→ R/I [2, p.184]. The Dual Baer Criterion
(DBC) says that a module M is projective, if and only if M is R-projective.
A ring R is von Neuman regular provided that for each r ∈ R there exists s ∈ R
such that rsr = r.
A ring R is right semiartinian if Soc(M) 6= 0 for each non-zero module M . In
this case, there are a non-limit ordinal τ and a strictly increasing chain of ideals
of R, S = (Sα | α ≤ τ), such that S0 = 0, Sα+1/Sα = Soc(R/Sα) for each α < τ ,
Sα =
⋃
β<α Sβ for each limit ordinal α < τ , and Sτ = R. The chain S is called the
(right) socle sequence of R, and τ is the (right) Loewy length of R.
It is well-known that if R is right semiartinian of Loewy length τ , then each right
module M is semiartinian, and has a socle sequence M = (Mα | α ≤ η) for some
η ≤ τ . The ordinal η is the Loewy length of M . The completely reducible module
Mα+1/Mα = Soc(M/Mα) is called the αth layer of M (α < η). Note that if M is
finitely generated (e.g., when M = R), then η is a non-limit ordinal, and the last
(= (η − 1)th) layer of M is finitely generated.
Also, if R is von Neumann regular, then R is left semiartinian, iff R is right
semiartinian, and in this case, the left and right socle sequences of R coincide.
Let R be a von Neumann regular ring. Then R is said to have primitive factors
artinian in case R/P is (right) artinian for each (right) primitive ideal P of R.
Again, this notion is left-right symmetric, and it is equivalent to all prime factors
of R being artinian, see [8, Theorem 6.2]. By [8, Proposition 6.18], it is also
equivalent to the injectivity of all all homogenous completely reducible modules,
i.e., to
∑
-injectivity of all simple modules. In particular, in this case, all layers
of any semiartinian module M , with the possible exception of the last one, are
infinitely generated; in fact, they even have infinitely many non-zero homogenous
components.
For further properties of the notions defined above, we refer the reader to [2],
[4], [7] and [8].
2. R-projective modules
In order to study relations between R-projective and projective modules, it is
convenient to recall the more general notions of an N -projective module, and a
projectivity domain of a module, from [2, §16]:
Definition 2.1. Let R be a ring and M ∈Mod–R.
(1) Let N ∈ Mod–R. Then M is N -projective provided that the functor
HomR(M,−) is exact at each short exact sequence whose middle term is
N .
(2) The set of all N ∈ Mod–R such that M is N -projective is called the pro-
jectivity domain of M , and denoted by Pr−1(M).
Clearly, M is projective, iff Pr−1(M) = Mod–R. The following lemma is well-
known (see e.g. [2, 16.12 and 16.14(2)]):
Lemma 2.2. Let M ∈Mod–R. Then the class Pr−1(M) is closed under submod-
ules, homomorphic images, and finite direct sums.
In particular, each R-projective module is F -projective for any finitely generated
module F . Hence each finitely generated R-projective module is projective.
For a right ideal I of a ring R, we will denote by piI : R → R/I the canonical
projection. We will need the following observation:
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Lemma 2.3. Let R be a ring and I ⊆ J be right ideals such that the epimorphism
ρ : R/I → R/J splits. Let M ∈ Mod–R be such that each homomorphism from M
to R/I factorises through piI . Then each homomorphism from M to R/J factorises
through piJ .
Proof. Let µ ∈ HomR(R/J,R/I) be such that ρµ = idR/J . Let f ∈ HomR(M,R/J).
By assumption, there exists g ∈ HomR(M,R) such that piIg = µf . Then piJg =
ρpiIg = ρµf = f , whence f factorises through piJ . 
By Lemma 2.2, the question of existence of R-projective modules that are not
projective is of interest only for modules that are not finitely generated. Also, since
R-projectivity and projectivity coincide for all right perfect rings by [14] (see also
[12, Theorem 1]), that is, DBC holds for these rings, we can w.l.o.g. restrict our
investigation to non-right perfect rings.
For many non-perfect rings, DBC fails because there exist countably generated
R-projective modules that are not projective:
Lemma 2.4. Let R be a non-right perfect right noetherian ring.
(1) [1, Lemma 2.10] Let M 6= 0 be a module possessing no maximal submod-
ules. Then M is R-projective, but not projective.
(2) Assume R is commutative and there is a regular element r ∈ R such that
r is not invertible (i.e., the depth of R is ≥ 1). Let p be a maximal ideal
such that r ∈ p. Then E(R/p) is a countably generated R-projective module
which is not projective.
Proof. (1) Since M has no maximal submodules, it has no non-zero finitely gener-
ated homomorphic images. Since R is right noetherian, all finitely generated sub-
modules of cyclic modules are also finitely generated. Hence HomR(M,R/I) = 0
for each right ideal I of R, whenceM is R-projective. However,M is not projective,
as non-zero projective modules contain maximal submodules (see e.g. [2, 17.14]).
(2) By part (1), it suffices to prove that E(R/p) has no maximal submodules.
Assume this is not the case. Note that E(R/p) is (countably) R/p-filtered, i.e.,
E(R/p) is the union of a continuous (countable) increasing chain of its submodules
with consecutive factors isomorphic to R/p. The same holds for any non-zero
factor-module F of E(R/p). Since p is the only associated prime of R/p, the same
is true of F , whence the only simple factor-module of E(R/p) is R/p. As E(R/p)
is injective, and hence divisible, it follows that R/p is a divisible module. But
(R/p).r = 0, a contradiction. 
Remark 2.5. A closer look at the proofs of Lemmas 1, 2, and the Theorem in
[10], shows that if R is a commutative noetherian ring such that each countably
generated module has a maximal submodule, then the Jacobson radical J of R is
T -nilpotent and R/J is von Neumann regular, whence R is artinian.
So a countably generated R-projective, but not projective, module exists over
any commutative noetherian ring which is not artinian. In Lemma 3.9, we will see
that this fails for commutative rings in general.
Next, we will see that for each infinite cardinal κ, there exists a non-right per-
fect ring R such that for each ≤ κ-generated module M , the projectivity of M is
equivalent to its R-projectivity. In other words, DBC holds for all ≤ κ-generated
modules:
Example 2.6. Let K be a skew-field, κ an infinite cardinal, and R be the en-
domorphism ring of a κ-dimensional left vector space V over K. Let B be a left
K-basis of V . Since κ is infinite, B is a disjoint union of its subsets {Bα | α < κ}
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such that Bα has cardinality κ for all α < κ. For each α < κ, let bα : Bα → B be a
bijection, and rα ∈ R be such that rα ↾ Bα = bα and rα ↾ Bβ = 0 for all α 6= β < κ.
Since bα is a bijection, rα is left invertible in R for each α < κ. Since the kernel
of rα coincides with the left K-subspace of V generated by
⋃
α6=β<κBβ , and its
image is V , the set {rα | α < κ} is a right R-independent subset of R. So the right
ideal I =
∑
α<κ rαR in R is a free module of rank κ.
Assume that M is an R-projective ≤ κ-generated module. Then I ∈ Pr−1(M)
by Lemma 2.2, so M is R(κ)-projective, and hence projective.
However, it is consistent with ZFC that there exists no non-right perfect ring R
such that DBC holds for all modules. Namely, as observed in [1], [16, Lemma 2.4]
(or [15]) prove that the following holds in the extension of ZFC satisfying Shelah’s
Uniformization Principle (SUP):
Lemma 2.7. Assume SUP. Let R be a non-right perfect ring. Then there exists a
module N of projective dimension 1 such that Ext1R(N, I) = 0 for each right ideal
I of R. Hence N is R-projective, but not projective. In particular, DBC fails in
Mod–R.
Note that if ZFC is consistent, then so is ZFC + GCH + SUP, see [5, §2].
Suprisingly, there do exist other extensions of ZFC, and non-right perfect rings R
with the property that R-projectivity and projectivity coincide for all modules. In
order to provide more details, we need to recall the relevant set-theoretic concepts:
Let κ be a regular uncountable cardinal. A subset C ⊆ κ is called a club provided
that C is closed in κ (i.e., sup(D) ∈ C for each subset D ⊆ C such that sup(D) <
κ) and C is unbounded (i.e., sup(C) = κ). Equivalently, there exists a strictly
increasing continuous function f : κ → κ whose image is C. A subset E ⊆ κ is
stationary provided that E ∩ C 6= ∅ for each club C ⊆ κ.
Let A be a set of cardinality ≤ κ. An increasing continuous chain, {Aγ | γ < κ},
consisting of subsets of A of cardinality < κ such that A =
⋃
γ<κAγ , is called a
κ-filtration of the set A. Similarly [4, IV.1.3.], if M is a ≤ κ-generated module,
then an increasing continuous chain, (Mγ | γ < κ), consisting of < κ-generated
submodules of M such that M =
⋃
γ<κMγ , is called a κ-filtration of the module
M .
The key notion needed here is a variant of the notion of Jensen-functions, [11],
[7, §18.2], defined as follows:
Let κ be a regular uncountable cardinal and E be a stationary subset of κ. Let A
and B be sets of cardinality ≤ κ. Let {Aγ | γ < κ} be a κ-filtration of A. For each
γ < κ, let cγ : Aγ → B be a map. Then (cγ | γ < κ) are called Jensen-functions
provided that for each map c : A → B, the set E(c) = {γ ∈ E | c ↾ Aγ = cγ} is
stationary in κ.
The existence of Jensen-functions is equivalent to the validity of the well known
Jensen’s Diamond Principle ♦, that is, to the validity of ♦κ(E) for each regular
uncountable cardinal κ and each stationary subset E ⊆ κ (see e.g. [7, §18.2] for
more details):
Lemma 2.8. Assume ♦. Then Jensen-functions exist, that is, the following as-
sertion holds true:
For each regular uncountable cardinal κ, E ⊆ κ a stationary subset of κ, and
A and B sets of cardinality ≤ κ with A equipped with a κ-filtration {Aγ | γ < κ},
there exist Jensen-functions (cγ | γ < κ), i.e., cγ : Aγ → B for each γ < κ, and for
each map c : A→ B, the set E(c) = {γ ∈ E | c ↾ Aγ = cγ} is stationary in κ.
Jensen [11] proved that ♦ holds under the assumption of Go¨del’s Axiom of
Constructibility (V = L). Note also that ♦ implies GCH (that is, 2λ = λ+ for each
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infinite cardinal λ), see e.g. [7, 18.14]. Hence if ZFC is consistent, then so is ZFC
+ GCH + ♦.
By [18, Theorem 3.3], the following holds in the extension of ZFC satisfying ♦:
Lemma 2.9. Assume ♦. Let K be a field of cardinality ≤ 2ℵ0 and R = ECS(K)
be the subring of Kω consisting of all eventually constant sequences. Then each
R-projective module is projective, i.e., DBC holds in Mod–R.
Hence, by Lemmas 2.7 and 2.9, the question of whether DBC holds for the ring
R = ECS(K) is independent of ZFC.
Our goal here is to further develop the approach of [18] and study R-projectivity,
its generalizations, and DBC, in the much larger class of semiartinian von Neumann
regular rings with primitive factors artinian.
3. Semiartinian von Neumann regular rings with primitive factors
artinian
We start with recalling the following characterization from [13, Theorem 2.1 and
Proposition 2.6]. It provides a more concrete picture of the rings studied here as
kind of transfinite extensions of simple artinian rings:
Lemma 3.1. Let R be a right semiartinian ring and S = (Sα | α ≤ σ + 1) be the
right socle sequence of R. Then the following conditions are equivalent:
(1) R is von Neumann regular and has primitive factors artinian,
(2) for each α ≤ σ there are a cardinal λα, positive integers nαβ (β < λα) and
skew-fields Kαβ (β < λα) such that Sα+1/Sα ∼=
⊕
β<λα
Mnαβ(Kαβ), as
rings without unit. The pre-image of Mnαβ (Kαβ) in this isomorphism co-
incides with the βth homogenous component of Soc(R/Sα), and it is finitely
generated as right R/Sα-module for all β < λα. Moreover, λα is infinite iff
α < σ.
In this case, R is also left semiartinian, and S is the left socle sequence of R.
Moreover, if Pαβ denotes a representative of all simple modules in the βth ho-
mogenous component of Soc(R/Sα) = Sα+1/Sα, then simp–R = {Pαβ | α ≤ σ, β <
λα} is a representative set of all simple modules. The modules Pαβ (β < λα) are
called the αth layer simple modules of R. All simple modules are
∑
-injective, and
{P0β | β < λ0} is a representative set of all projective simple modules.
For example, the ring R = ECS(K) from Lemma 2.9 fits the setting of Lemma
3.1 for σ = 1, λ0 = ℵ0, λ1 = 1, and n0β = n10 = 1, K0β = K10 = K for all β < λ0.
We now fix our notation for the rest of this paper:
Notation 3.2. R will denote a semiartinian von Neumann regular ring with primitive
factors artinian, and S = (Sα | α ≤ σ + 1) will be its socle sequence.
For each α ≤ σ, the cardinal λα from Lemma 3.1 equals the number of ho-
mogenous components of the αth layer Sα+1/Sα of R, so it is an invariant of R.
Similarly, for each β < λα, nαβ is the dimension of the βth homogenous component
of this layer, and Kαβ is the endomorphism ring of Pα,β . So the nαβ (β < λα) and
Kαβ (β < λα) are also invariants of R, unique up to an ordering of the homogenous
components of Sα+1/Sα (α ≤ σ).
Corollary 3.3. Let R be a semiartinian von Neumann regular ring with primitive
factors artinian and S = (Sα | α ≤ σ + 1) be its socle sequence. Then for each
α ≤ σ, R¯ = R/Sα is a semiartinian von Neumann regular ring with primitive
factors artinian, and S¯ = (Sβ/Sα | α ≤ β ≤ σ + 1) is the socle sequence of R¯.
Moreover, simp–R¯ = {Pγβ | α ≤ γ ≤ σ, β < λγ), and {Pαβ | β < λα} is a
representative set of all projective simple R¯-modules.
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Since we are interested in non-perfect rings, we will further assume that R is not
completely reducible, i.e., σ ≥ 1. There is a handy test for R-projectivity in the
case when the Loewy length of R is finite:
Theorem 3.4. Assume σ ≥ 1 is finite. For each 0 < α ≤ σ, let piα : Sα+1 →
Sα+1/Sα be the canonical projection. Then the following conditions are equivalent
for a module M :
(1) M is R-projective,
(2) For each 0 < α ≤ σ and each ϕ ∈ HomR(M,Sα+1/Sα), there exists ψ ∈
HomR(M,Sα+1) such that ϕ = piαψ.
Proof. (1) implies (2) by Lemma 2.2.
Assume (2). For a right ideal J 6= R, denote by n(J) the greatest α ≤ σ such
that Sα ⊆ J . By downward induction on α ≤ σ, we will prove that for each J with
n(J) = α, each f ∈ HomR(M,R/J) factorises through the canonical projection
piJ ∈ HomR(R,R/J). For α = σ, this follows from (2) using Lemma 2.3 for I = Sσ
(since Sσ+1 = R, and R/Sσ is completely reducible).
For the inductive step, consider a right ideal J with n(J) = α < σ and let
f ∈ HomR(M,R/J). Denote by ρ : R/J → R/(Sβ+1+J) the canonical projection.
Since n(Sα+1 + J) ≥ α + 1, the inductive premise yields h ∈ HomR(M,R) such
that piSα+1+Jh = ρf .
In order to prove that f factorises through piJ , it suffices to factorise δ = f −
piJh through piJ . Notice that ρδ = 0, so δ maps into (Sα+1 + J)/J , whence it
suffices to factorise δ through piJ ↾ Sα+1. Denoting by η the canonical isomorphism
(Sα+1 + J)/J → Sα+1/(Sα+1 ∩ J), we infer that it suffices to factorise ηδ through
the canonical projection ρ : Sα+1 → Sα+1/(Sα+1 ∩ J).
Since the module Sα+1/Sα is completely reducible, the canonical projection pi :
Sα+1/Sα → Sα+1/(Sα+1 ∩ J) splits, i.e., there is µ : Sα+1/(Sα+1 ∩ J)→ Sα+1/Sα
such that piµ = 1. By (2), µηδ factorizes through piα, whence ηδ = piµηδ factorizes
through ρ = pipiα, q.e.d. 
Remark 3.5. Note that the implication (1) implies (2) of Theorem 3.4 holds in
general, without any restriction on the Loewy length σ, by Lemma 2.2.
It will be convenient to consider weaker notions of R-projectivity. The first one
is obtained by weakening Condition (2) of Theorem 3.4 (which holds in general, for
any R-projective module by Remark 3.5), the second by a condition on the form of
the layers:
Definition 3.6. Let M be a module.
(1) M is weakly R-projective provided that for each 0 < α ≤ σ and each
ϕ ∈ HomR(M,Sα+1/Sα) such that Im(ϕ) is finitely generated, there exists
ψ ∈ HomR(M,Sα+1) such that ϕ = piαψ.
(2) Let τ (≤ σ + 1) be the Loewy length of M . Then M is layer projective
provided that for each 0 < α < τ , the αth layer of M is a projective R/Sα-
module (i.e., the αth layer of M is isomorphic to a direct sum of copies of
the simple modules Pαβ (β < λα), see Corollary 3.3).
Since R is von Neumann regular, each projective module is isomorphic to a
direct sum of cyclic modules generated by idempotents of R, whence [17, Theorem
3.8(i)] implies that each projective module is layer projective. This property can
be extended to all weakly R-projective modules:
Lemma 3.7. Let M be a module.
(1) For each α ≤ σ, MSα+1/MSα is isomorphic to a direct sum of αth layer
simple modules of R.
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(2) Assume M is weakly R-projective. Then M is layer projective.
(3) The class of all weakly R-projective modules is closed under submodules.
(4) The class of all layer projective modules is closed under submodules.
Proof. (1) For α ≤ σ and each x ∈ M , there is a homomorphism fx : Sα+1/Sα →
MSα+1/MSα defined by fx(s+ Sα) = xs+MSα. Since Im(fx) is isomorphic to a
direct sum of αth layer simple modules ofR, so is the factor-moduleMSα+1/MSα =∑
x∈M Im(fx).
(2) Let M = (Mβ | β ≤ α) be the socle sequence of M (so α ≤ σ + 1). By part
(1), it suffices to prove that that Mβ =MSβ for each β ≤ α. We will prove this by
induction on β. The claim is clear for β = 0. For the inductive step, we first use
part (1) to get MSβ+1/MSβ =MSβ+1/Mβ ⊆Mβ+1/Mβ.
Assume MSβ+1/Mβ 6= Mβ+1/Mβ, i.e., MSβ+1/Mβ ⊕ C = Mβ+1/Mβ for a
non-zero completely reducible module C. Let P be a simple direct summand of
C, and Mβ ⊆ N ⊆ Mβ+1 be such that N/Mβ = P . Since P ∈ simp–R, P is
isomorphic to a γth layer simple module of R for some γ ≤ σ by Lemma 3.1.
Since Mβ = MSβ, we have P.Sβ = 0, whence γ ≥ β. Since Sβ+1 is generated by
idempotents, MSβ+1 ⊆ Mβ+1 implies MSβ+1 = Mβ+1Sβ+1. So if γ = β, then
PSβ+1 = 0, a contradiction. Thus γ > β.
As P is an injective direct summand in Sγ+1/Sγ , there exists a homomorphism
f : M → Sγ+1/Sγ such that f ↾ Mβ = 0 and Im(f) = f(N) = P . The weak R-
projectivity of M then gives a g ∈ HomR(M,Sγ+1) such that piγg = f . As γ > β,
g(Mβ+1) ⊆ Sβ+1 ⊆ Sγ and f(N) = piγg(N) = 0, a contradiction. This proves that
C = 0 and MSβ+1 =Mβ+1.
If β is a limit ordinal, then MSβ =
⋃
δ<βM.Sδ =
⋃
δ<βMδ =Mβ.
(3) This follows from the fact that for each 0 < α ≤ σ, all finitely generated
submodules of the αth layer module Sα+1/Sα are injective.
(4) Let N be a submodule of a layer projective moduleM and N = (Nβ | β ≤ τ)
be the socle sequence of N of Loewy length τ ≤ σ + 1. By induction on β, we will
prove that Nβ = NSβ = N ∩Mβ, where Mβ = MSβ is the βth term of the socle
sequence of M .
The only non-trivial part of the proof is the inductive step: we first note, as
in part (2), that NSβ+1/Nβ ⊕ C = Nβ+1/Nβ for a completely reducible mod-
ule C. Moreover, Nβ+1/Nβ = Nβ+1/(N ∩Mβ) = Nβ+1/(Nβ+1 ∩Mβ) ∼= (Mβ +
Nβ+1)/Mβ ⊆ Soc(M/Mβ) = Mβ+1/Mβ . By step (1), the latter module is a direct
sum of βth layer simple modules of R. So C = CSβ+1 ⊆ NSβ+1/Nβ, whence
C = 0. This proves that Nβ+1 = NSβ+1. Since Sβ+1 is generated by idempotents,
N ∩Mα+1 = N ∩MSα+1 = NSα+1. 
The class of all weakly R-projective modules is larger than the class of all R-
projective modules in general, because the latter class need not be closed under
submodules:
Example 3.8. Let K be a field and A be a set of cardinality 2ω consisting of
infinite almost disjoint subsets of ω (e.g., A can be taken as the set of all branches
of the tree consisting of all finite sequences of elements of ω). W.l.o.g., we will
assume that
⋃
A∈AA = ω. For each i < ω, let 1i ∈ K
ω be the idempotent in
Kω whose ith term is 1, and all the other terms are 0. Similarly, for each A ∈ A,
let 1A be the idempotent in K
ω whose ith term is 1 for i ∈ A, and all the other
terms are 0. Let R be the unital subalgebra of the K-algebra Kω generated by
{1i | i < ω} ∪ {1A | A ∈ A}.
The ring R is commutative semiartinian of Loewy length 3, with S1 = Soc(R)
being the K-subspace of R generated by {1i | i < ω} and S2 the K-subspace of R
generated by {1i | i < ω} ∪ {1A | A ∈ A}. Moreover, R is von Neumann regular
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with primitive factors artinian, with the invariants λ0 = ℵ0, λ1 = 2ω, λ2 = 1,
n0,β = n1γ = n2,0 = 1 and K0,β = K1,γ = K2,0 = K for all β < λ0 and γ < λ1 (see
Lemma 3.1).
In order to prove that S2 is not R-projective, we have to show that condition (2)
of Lemma 3.4 fails for α = 1. Let E¯ = HomR(S2/S1, S2/S1). Since S2/S1 is a direct
sum of 2ω pairwise non-isomorphic simple modules, all with the endomorphism ring
isomorphic toK, there is a K-algebra isomorphism E¯
φ
∼= K2
ω
. Further, observe that
since HomR(S1, S2/S1) = 0, there is a K-isomorphism HomR(S2, S2/S1)
ψ
∼= E¯ given
by ψ(f) = f¯ , where f = f¯pi1. Further, HomR(S2/S1, S2) = 0, so the restriction
map g 7→ g ↾ S1 is a monomorphism of the K-algebra E2 = HomR(S2, S2) into the
K-algebra E1 = HomR(S1, S1). Since the elements of E1 are uniquely determined
by their values at the idempotents {1i | i < ω}, E1 is isomorphic to Kω. It follows
that for each g ∈ E2 there is (ki)i<ω ∈ Kω, such that for each A ∈ A there exists
iA < ω, such that almost all non-zero components of g(1A) ∈ 1AR ⊆ Kω equal kiA .
So there exists i < ω such that all but countably many components of φψpi1g ∈ K2
ω
equal ki. In particular, {φψpi1g | g ∈ E2} is a proper subset of K2
ω
, proving that
S2 is not R-projective.
Since S2 ⊆ R, we infer that R-projective modules are not closed under submod-
ules, and also that R is not hereditary. However, S2 is weakly R-projective by
Lemma 3.7(3).
Next we concentrate on countably generated modules:
Lemma 3.9. Assume σ ≥ 1 is finite. Let M be a weakly R-projective module.
Then each countably generated submodule of M is projective.
In particular, a countably generated module is weakly R-projective, iff it is pro-
jective.
Proof. Let F be a finitely generated submodule of M . By Lemma 3.7(3), F is
weakly R-projective. Since σ is finite, the weak R-projectivity and R-projectivity
coincide for each finitely generated module by Theorem 3.4. So F is R-projective,
and hence projective by Lemma 2.2.
Let C be a countably generated submodule of M . By the above, all finitely
generated submodules of C are projective, so C is the union of a chain (Fi | i < ω) of
finitely generated projective modules. By [8, Theorem 1.11], for each i < ω, Fi+1 =
Fi ⊕ Pi for a projective module Pi, whence C = F0 ⊕
⊕
i<ω Pi is projective. 
The following lemma gives a sufficient condition on R to be hereditary in terms
of sizes of the intermediate layers of R (i.e., the αth layers of R for α different from
0 and σ):
Lemma 3.10. Assume that R has countable Loewy length, and that the module
Sα+1/Sα is countably generated for each 0 < α < σ. Then R is (left and right)
hereditary.
Proof. Let I be a right ideal of R. Then I =
⋃
α≤σ+1(I ∩Sα), and the module (I ∩
Sα+1)/(I∩Sα) is isomorphic to a submodule of the countably generated completely
reducible module Sα+1/Sα for each 0 < α ≤ σ (for α = σ, Sα+1/Sα = R/Sσ is even
finitely generated). So the module I/(I∩S1) ∼= (I+S1)/S1 is countably generated.
Since R is von Neumann regular, there exists a countable set of pairwise orthog-
onal idempotents {ei | i < ω} in I such that (
⊕
i<ω eiR) + S1 = I + S1. Moreover,
((
⊕
i<ω eiR) + S1)/(
⊕
i<ω eiR)
∼= S1/((
⊕
i<ω eiR) ∩ S1)
∼= P for a completely re-
ducible and projective module P ⊆ S1 = Soc(R). So I + S1 = (
⊕
i<ω eiR) ⊕ Q
where Q ∼= P , and I = (
⊕
i<ω eiR)⊕ (I ∩Q) is projective, because I ∩Q is a direct
summand in Q. Similarly, each left ideal of R is projective. 
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Next, we record a consequence of the results above for the case of Loewy length
2, i.e., for σ = 1 (which includes the rings R = ECS(K) from Lemma 2.9, for
example):
Corollary 3.11. Assume that R has Loewy length 2. Then R is hereditary, and
a module M is weakly R-projective, iff M is R-projective, iff each homomorphism
fromM to R/Soc(R) factorises through the canonical projection pi : R→ R/Soc(R).
In particular, the class of all R-projective modules is closed under submodules.
However, there exist layer projective modules that are not weakly R-projective.
Proof. R is hereditary by Lemma 3.10 (since there are no intermediate layers of
R for σ = 1). The characterization of R-projective modules follows from Theorem
3.4 (for n = 1). Finally, since R/Soc(R) is a finitely generated and completely
reducible module, it is injective, and the first two claims follow.
For the last claim, let F = {fi | i < n} be a complete set of orthogonal idem-
potents in R¯ = R/S1, such that R¯ =
⊕
i≤n fiR¯ and fiR¯ is a simple R¯-module
for each i < n. By [8, Proposition 2.18], F lifts in a complete set of orthogo-
nal idempotents E = {ei | i < n} of R. In particular, Soc(R) =
⊕
i<n Soc(eiR)
and R/S1 =
⊕
i<n eiR/Soc(eiR). For each i < n, eiR/Soc(eiR) is a simple non-
projective module, whence Soc(eiR) = Ai ⊕ Bi for some infinitely generated pro-
jective completely reducible modules Ai and Bi. Let Mi = eiR/Ai.
We will prove that Mi is layer projective, but not weakly R-projective. Clearly,
Bi ⊆ Soc(Mi). Since Bi is not finitely generated, the short exact sequence 0 →
Bi = (Ai ⊕ Bi)/Ai → (eiR)/Ai → eiR/Soc(eiR) → 0 does not split. Hence
Bi = Soc(Mi), and Mi is layer projective (of length 2). However, Mi is not weakly
R-projective, since otherwise Mi is projective by Lemma 3.9, whence Ai is finitely
generated, a contradiction. 
We finish by summarizing relations between the properties of modules studied
in this section:
projectivity =⇒ R-projectivity =⇒ weak R-projectivity =⇒ layer projectivity.
By Lemma 2.7, it is consistent with ZFC that the first implication cannot be
reversed for any non-right perfect ring R. The second implication is actually an
equivalence in case R has Loewy length 2 by Corollary 3.11, but it cannot be re-
versed for rings of Loewy length 3 in general, by Example 3.8. The third implication
cannot even be reversed for any ring of Loewy length 2 by Corollary 3.11.
In the following section, we will prove that it is consistent with ZFC that the first
two implications are equivalences whenever R is small (see Definition 4.3 below).
4. Jensen-functions and the projectivity of weakly R-projective
modules
In order to proceed, it will be convenient to characterize weak R-projectivity in
a more succinct way. First, we need to extend Notation 3.2:
Notation 4.1. For each 0 < α ≤ σ, let Fα be the set of all finite subsets of λα. Note
that in the setting of Lemma 3.10, Fα is countable. For each F ∈ Fα, let Nα,F be
the submodule of Sα+1 containing Sα, such that Nα,F /Sα ∼=
⊕
β∈F Mnαβ (Kαβ).
In other words, Nα,F/Sα is the direct sum of those βth homogenous components
of Sα+1/Sα for which β ∈ F .
Note that for each 0 < α ≤ σ, each finitely generated submodule of Sα+1/Sα
is contained in Nα,F /Sα for some F ∈ Fα. Let B =
∏
0<α≤σ,F∈Fα
Nα,F , N =∏
0<α≤σ,F∈Fα
Nα,F /Sα, and pi =
∏
0<α≤σ,F∈Fα
piα ↾ Nα,F . Notice that pi ∈
HomR(B,N), and N is an injective module.
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Lemma 4.2. A module M is weakly R-projective, iff for each g ∈ HomR(M,N)
there exists f ∈ HomR(M,B) such that g = pif .
Proof. This follows directly from Definition 3.6(1), since the homomorphisms g ∈
HomR(M,N) encode in their projections all homomorphisms h ∈ HomR(M,Sα+1/Sα)
(0 < α ≤ σ) with image contained in NαF /Sα (F ∈ Fα), i.e., with a finitely gener-
ated image. 
Our main result will concern the class of all small rings, defined as follows (cf.
Notation 3.2):
Definition 4.3. The ring R is small provided that card(R) ≤ 2ω, R has finite
Loewy length, and for each 0 < α < σ, the module Sα+1/Sα is countably generated.
Note that if card(R) ≤ 2ω and R has Loevy length 2, then R is small, while
Example 3.8 shows that rings with card(R) ≤ 2ω, but of Loewy length 3, need not
be small. By Lemma 3.10, each small ring is hereditary.
We are going to show that ♦ implies that weak R-projectivity, and hence R-
projectivity, coincides with projectivity for all small rings. Our proof is a general-
ization of the proof of [18, Theorem 3.3]:
Theorem 4.4. Assume ♦. Let R be small and M ∈ Mod–R. Then M is weakly
R-projective, iff M is R-projective, iff M is projective. In particular, DBC holds
in Mod–R.
Proof. We only have to prove that each weaklyR-projective moduleM is projective.
We do this by induction on the minimal number of generators, κ, ofM . For κ ≤ ℵ0,
we can use Lemma 3.9. If κ is a singular cardinal, then we employ the fact that
the class of all weakly R-projective modules is closed under submodules, and apply
[16, Corollary 3.11].
Assume κ is a regular uncountable cardinal. Let A = {mγ | γ < κ} be a minimal
set of R-generators of M . For each γ < κ, let Aγ = {mδ | δ < γ}. Let Mγ be the
submodule of M generated by Aγ . Then M = (Mγ | γ < κ) is a κ-filtration of the
module M . Possibly skipping some terms of M, we can w.l.o.g. assume that M
has the following property for each γ < κ: if Mδ/Mγ is not weakly R-projective for
some γ < δ < κ, then also Mγ+1/Mγ is not weakly R-projective. Let E be the set
of all γ < κ such that Mγ+1/Mγ is not weakly R-projective.
We claim that E is not stationary in κ. If our claim is true, then there is a club
C in κ such that C ∩ E = ∅. Let u : κ → κ be a strictly increasing continuous
function whose image is C. For each γ < κ, let Nγ = Mu(γ). Then (Nγ | γ < κ)
is a κ-filtration of the module M such that Nγ+1/Nγ is weakly R-projective for all
γ < κ. By the inductive premise, Nγ+1/Nγ is projective, hence Nγ+1 = Nγ ⊕ Pγ
for a projective module Pγ , for each α < κ. ThenM = N0⊕
⊕
γ<κ Pγ is projective,
too.
Assume our claim is not true. Let B =
∏
0<α≤σ,F∈Fα
Nα,F (see Notation 4.1).
Since card(R) ≤ 2ω = ℵ1 ≤ κ by ♦ and by our assumption on R, also card(B) ≤
ℵ1 ≤ κ.
Applying Lemma 2.8 to the setting above, we obtain the Jensen-functions cγ :
Aγ → B (γ < κ) such that for each function c : A → B, the set E(c) = {γ ∈ E |
cγ = c ↾ Aγ} is stationary in κ.
By induction on γ < κ, we will define a sequence (gγ | γ < κ) of homomorphisms,
such that gγ ∈ HomR(Mγ , N) as follows: g0 = 0; if γ < κ, and gγ is defined, we
distinguish two cases:
(I) γ ∈ E, and there exist hγ+1 ∈ HomR(Mγ+1, N) and yγ+1 ∈ HomR(Mγ+1, B),
such that hγ+1 ↾ Mγ = gγ , hγ+1 = piyγ+1 and yγ+1 ↾ Aγ = cγ . In this case we
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define gγ+1 = hγ+1 + fγ+1ργ+1, where ργ+1 :Mγ+1 →Mγ+1/Mγ is the projection
and fγ+1 ∈ HomR(Mγ+1/Mγ , N) does not factorise through pi (such fγ+1 exists
because γ ∈ E, soMγ+1/Mγ is not weakly R-projective, by Lemma 4.2). Note that
gγ+1 ↾Mγ = hγ+1 ↾Mγ = gγ .
(II) otherwise. In this case, we extend gγ to Mγ+1 using the injectivity of the
module N . Thus we obtain gγ+1 ∈ HomR(Mγ+1, N).
If γ < κ is a limit ordinal, we let gγ =
⋃
δ<γ gδ, and we define g =
⋃
γ<κ gγ .
We will prove that g does not factorise through pi. By Lemma 4.2, this will
contradict the weak R-projectivity of M , and prove our claim.
Assume there is f ∈ HomR(M,B) such that g = pif . Let γ ∈ E(f ↾ A).
Then gγ+1 = pi(f ↾ Mγ+1) and f ↾ Aγ = cγ . Then γ is in case (I) (because
gγ+1 ↾Mγ = gγ , gγ+1 = pi(f ↾Mγ+1), and (f ↾Mγ+1) ↾ Aγ = cγ).
Let zγ+1 = f ↾Mγ+1−yγ+1. Then zγ+1 ↾ Aγ = f ↾ Aγ−yγ+1 ↾ Aγ = cγ−cγ = 0.
So there exists xγ+1 ∈ HomR(Mγ+1/Mγ , B) such that zγ+1 = xγ+1ργ+1. Moreover,
pixγ+1ργ+1 = pizγ+1 = pif ↾Mγ+1 − piyγ+1 = gγ+1 − hγ+1 = fγ+1ργ+1.
Since ργ+1 is surjective, we conclude that pixγ+1 = fγ+1, in contradiction with our
choice of the homomorphism fγ+1. 
Corollary 4.5. The following assertion is independent of ZFC + GCH: ‘If R is a
small von Neumann regular semiartinian ring with primitive factors artinian, then
all (weakly) R-projective modules are projective.’
Proof. Assume SUP. Then the existence of an R-projective moduleM of projective
dimension 1 follows by Lemma 2.7.
Assume ♦. Then all weakly R-projective modules are projective by Theorem
4.4. 
Remark 4.6. Though Corollary 4.5 covers the case of all rings R with card(R) ≤ 2ω
and Loewy length 2, it cannot be extended to all rings R with card(R) ≤ 2ω
and of Loewy length 3: Example 3.8 shows that such rings may contain weakly
R-projective modules that are not projective in ZFC.
Also note that by Lemma 3.7(3), if weak R-projectivity implies projectivity,
then R is necessarily right hereditary. Hence our restriction to countably generated
layers in Definition 4.3 (cf. Lemma 3.10).
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